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We present a systematic study of the convergence with the supercell size of the defect formation energy of
a substitutional Al impurity in a Si nanowire within density-functional theory. We discuss the case of neutral
and charged impurities, highlighting the importance, in the presence of ionized defects and periodic boundary
conditions, of including a Madelung-like correction to the total energy in order to get correct results, which
cannot be obtained by the simple use of a large vacuum buffer layer or an extrapolation thereof.
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Theoretical modeling of Si nanowires �SiNWs� has re-
ceived considerable interest in recent years.1 The study of
impurities, in particular, has been the subject of many
investigations,2–18 due to their important role in several ap-
plications such as electron devices,19–21 photovoltaics,22,23

and photonics.24,25 Unfortunately, it is often difficult to com-
pare results obtained by different authors. Although it can be
generally assumed that all the published calculations are con-
verged in terms of basis set and Brillouin zone sampling, the
supercell sizes used are sometimes very different and may
lead to qualitatively different results.

When using periodic boundary conditions with a defec-
tive system, the supercell has to be large enough to allow
neglecting the interaction of the impurity with its periodic
replicas.26 While in bulk Si there are well established criteria
for the most common defects �see for instance the detailed
convergence study of the electronic structure of the Si mono-
vacancy in Ref. 27�, and the spurious electrostatic interac-
tions between slab instances have been recently addressed,28

no systematic studies have been performed for nanowires.
There are two main differences with bulk that should be
submitted to careful scrutiny: �i� in very thin wires the ex-
tension of the defect wave function is affected by quantum
confinement; �ii� a vacuum buffer must be used in the non-
periodic directions to separate the nanowire from its periodic
replicas.

In this work, we have studied a substitutional Al impurity
in the innermost part of a 1.0 nm SiNW grown along the
�110� direction, focusing on the requirements on the compu-
tational cell size needed to obtain converged results. We also
discuss the effect of image charges on the energetics of the
calculation, showing that the problem of the charged impu-
rity in a nanowire is substantially more difficult than in bulk.

First-principles electronic structure calculations have been
performed within the density-functional theory �DFT�, as
implemented in the SIESTA package.29 We have used an op-
timized double-� polarized basis set30 for the valence elec-
trons, modeling the core electrons with norm-conserving
pseudopotentials of the Troullier-Martins type.31 We have
used the generalized gradient approximation �GGA� �Ref.
32� for the exchange-correlation energy. The Brillouin zone
has been sampled with 2 k points in the supercell, which we
have verified to yield converged results for the smallest of

the unit cells used in this work. Full structural relaxations
were carried until the maximum force on the atoms was
lower than 0.02 eV /Å, considering both the neutral and the
ionized impurity �AlSi and AlSi

−1�. In the case of the AlSi
−1

substitutional, where the computational supercell should
have a finite net charge we use a compensating background
to achieve charge neutrality.33,34

For unit cells with a net charge, the presence of the replica
charges and the compensating background introduces a spu-
rious electrostatic contribution to the total energy that must
be subtracted. In bulk, a Madelung energy is computed in
order to remove the leading order contribution.34 However,
reduced dimensionality systems feature, in principle, a di-
electric tensor rather than a constant, preventing the straight-
forward use of the Madelung correction. We have recently
generalized18 the Madelung correction to the case of an ar-
bitrary static dielectric tensor �� , and this generalization will
be used throughout this paper.

The dielectric tensor of the SiNWs we study will only
have diagonal components; �x, �y, and �z for the directions
perpendicular �x ,y↔�� and parallel to the wire �z↔ ��.
Since a spacer layer between the SiNW instances is present
�see Fig. 1�, the dielectric tensor components obtained from
the calculation, which we call �� and ��, refer to the
vacuum+SiNW composite. While heuristic arguments can
be used18 to estimate the elements of the dielectric tensor, an
ab initio calculation of the values of �� and �� is required for
two reasons: �i� both values in principle depend on the su-
percell size in the nonperiodic directions, Lx and Ly; �ii�
while in the limit of isolated nanowire �Lx ,Ly =�� one can
assume ��=1 �the impurities interact through vacuum, Fig.
1�, ��, whose value can depend in principle on the wire di-
ameter �through, i.e., quantum confinement effects�, is not
known and must be calculated.

Here, we calculate the elements of �� within the random
phase approximation �RPA�,35,36 taking into account local
fields, by means of a plane-wave approach.37,38 Due to its
small contribution,39 the GGA exchange-correlation kernel is
not included in the present calculations of the macroscopic
dielectric function. The possibility to include many-body ef-
fects, such as the self-energy corrections to DFT-GGA elec-
tronic band structure and excitonic effects has not been ex-
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plored here, due to the very high computational cost of this
kind of calculations and to the probable compensation of
these two contributions.40,41 Due to the use of nonlocal
norm-conserving pseudopotentials, the contribution of
�VNL,r� �where VNL is the nonlocal part of the pseudopoten-
tials� has been taken into account39 in the calculation of the
velocity operator v. We verified that neglecting this term
leads to an overestimation of the static dielectric function for
bulk silicon of about 28%. Overestimation ranging from 4%
to 20%, has been found for �� and �� of the SiNW �it has
been checked that ��,x=��,y ����. The obtained values of ��

and �� are reported in Fig. 2 as a function of the supercell
size along the directions Lx and Ly perpendicular to the wire
axis. Similar to other works on SiNWs,42–44 we have found
that the main part of local-field effects can be taken into
account using the effective medium theory �EMT� by means
of the Maxwell-Garnett �MG� formulas for the macroscopic
dielectric function.45 Nevertheless, differently from these
previous works, we are assuming here an intrinsic anisotropy
of the dielectric response of the isolated NWs, and use the
MG formulas, for SiNWs embedded in vacuum, in the fol-
lowing form:

��,MG = f��,SiNW + �1 − f� , �1�

��,MG = 1 +
2f�

1 − f�
, �2�

where f is the filling factor defined as the ratio between the
wire volume and the total volume, �=

��,SiNW−1
��,SiNW+1 is the wire

polarizability, and ��,SiNW���,SiNW� is the parallel �perpen-
dicular� component of the SiNW dielectric tensor, and they
are also shown in Fig. 2. The best fitting values for ��,SiNW

and ��,SiNW correspond to 7.75 and 4.84, respectively,46 in-
dicating that the hydrogen termination as well as the contri-
bution of quantum confinement effects may play a significant
role in the description of the static macroscopic dielectric
function of the considered �110� thin SiNW.

Although the results discussed in Fig. 2, are interesting
per se, the complexity of the interaction of a charge with its
images cannot be captured by these single effective macro-
scopic dielectric constants. In fact, the choice of the values
for the elements of �� that will enter the Madelung-like cor-
rection needs to be carefully considered. Since the interac-
tion between the replicas in different wires takes place
through vacuum and the SiNW, it is logical to choose the
computed �� for the xx and yy entries of the tensor. On the
other hand, it must be noted that the electrostatic energy
between two point charges located at the center of a dielec-
tric cylinder of radius R and separated a distance z is shown
in the Appendix to be, for large z /R,

W�z� 	
e2

4��2

1

z

1 +

R2

z2 � �1

�2
− 1��2 ln

2z

R
− 3� , �3�

where �1��2� is the cylinder �surrounding medium� dielectric
constant. Thus, a rigorous correction of the electrostatic en-
ergy between the replicas would ask for a z dependence of
the tensor zz component, which is not considered in our
treatment in Ref. 18 nor will be considered here. Given that
the vast majority of replicas lie far away from the charged
defect, we set the tensor zz component to 1 �i.e., �2� in what
remains of this article �cf. the Appendix�.

We start the convergence by studying the behavior of the
total energy with respect to the supercell size in the wire
periodic direction, Lz. To describe the periodicity of the wire
along its axis, Lz must be an integer multiple of the lattice
parameter of the primitive cell, which we previously opti-
mized and amounts to 3.943 Å. We considered supercells

FIG. 1. �Color online� Supercell geometry for the Al substitu-
tional defects described. The impurity in the computation cell spu-
riously interacts with its periodic replicas in the axial and perpen-
dicular directions. In the latter case the interaction occurs mainly
through vacuum.
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FIG. 2. �Color online� Dots show the calculated values for the
low frequency dielectric constant for the unit cell, both for the
longitudinal �circles� and perpendicular �squares� components. The
lines show the values from the Maxwell-Garnett expressions, with
��,SiNW=7.75 and ��,SiNW=4.84.
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made from 4 to 16 primitive cells, corresponding to a sepa-
ration between the impurity and its closest replicas along the
wire axis from 	16 to 	63 Å. The results are summarized
in Fig. 3, where we plot the �Madelung corrected� formation
energy EF of the AlSi and AlSi

−1 defects—the formation ener-
gies are evaluated at the top of the valence band �i.e., elec-
tron Fermi level �e set to zero� of the undoped wire, EVBM,
and q�e must be added to obtain the formation energies at
different �e’s—and the transition level �0 /−�. We use the
definition of EF for a one-dimensional system given in Ref.
18, while the transition level is defined as the �e for which
the formation energies of the neutral and the charged impu-
rity are equal, and is simply obtained as

E�0/− � = E�AlSi
−1� − E�AlSi� − EVBM, �4�

where E�AlSi� and E�AlSi
−1� are the total energy of the system

with a neutral and a charged Al defect, respectively.
As can be seen �Fig. 3�a��, the formation energy of the

neutral defect is readily obtained with a supercell made of
five primitive cells �amounting to a spacing of 24 Å between
adjacent defects�, whereas the ionized defect converges more
slowly and 15–16 primitive cells are needed. Note that the
1 /Lz behavior of the convergence is not completely removed
with our Madelung-like correction, due to the previously
mentioned point that the effective dielectric constant has a z
dependence.

Figure 3�b� displays the ionization energy referred to the
valence-band edge �black squares�, whose convergence is
limited by the slowest term in Eq. �4�, E�AlSi

−1� in this case. In
the same panel we show the same quantity calculated with-
out the Madelung correction �red triangles�, converging more

slowly and to an incorrect value �cf. the discussion of Fig. 4
below�. The purpose of the analysis of Fig. 3 was to identify
the effective range of perturbation in the electron charge due
to the impurity, checking the convergence of the formation
energy with respect to the size of the supercell in the axial
direction. For this reason, we have used a very thick vacuum
buffer �	100 Å� to separate the wire from its periodic rep-
licas in the x and y directions.

Next, we turn to the study of the convergence of the total
energy with respect to the vacuum buffer thickness surround-
ing the wire, i.e., the supercell size in the non-periodic direc-
tions, Lx, Ly. To isolate the convergence effect solely due to
the vacuum, we use a 15-PC supercell, which gives con-
verged values of EF with respect to Lz. We observe in Fig.
4�a� that, provided that the proper correction is applied, a
vacuum buffer separation of 50 Å is enough to obtain well-
converged results for the charged impurity. On the other
hand, the formation energy of AlSi is virtually insensitive to
Lx �Ly�.

Again, in the bottom panel the ionization energy with and
without the Madelung correction is displayed. Since in the
lateral direction we do not have a z dependence of the xx and
yy components of the effective dielectric tensor, we are ca-
pable of completely removing the 1 /Lz dependence of the
convergence. An Lx ,Ly→� extrapolation for the ionization
energy of the uncorrected case would reveal that the ioniza-
tion energy tends to a different value �1.31 eV� from the
Madelung-corrected case �0.99 eV�. This is due to the limit-
ing process, as Lz is kept to the 15-PC value while Lx and Ly
increase, causing the interaction between the replicas along
the wire to dominate over the decreasing effect of the com-
pensating background. Thus, the uncorrected value will in-
clude a spurious contribution to the total energy even at large
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FIG. 3. �Color online� �a� Formation energy EF for the neutral
�0� and charged �−1� impurity �Madelung corrected�, and �b� ion-
ization energy E�0 /−� as a function of the supercell size along the
axial direction Lz. Supercells made of 4–16-PC are considered.
Lines are a guide to the eye.
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FIG. 4. �Color online� �a� Formation energy EF for the neutral
�0� and charged �−1� impurity �Madelung corrected�, and �b� ion-
ization energy E�0 /−� as a function of the supercell size along the
directions Lx and Ly perpendicular to the wire axis. As the diameter
of the wire is 1 nm the vacuum buffer thickness amounts to
Lx−10 Å. Lines are a guide to the eye.
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vacuum buffer separations. Of course, the limiting behavior
when all Lx,y,z→� at the same time is the expected one,
namely, that the uncorrected and corrected values converge
toward the same magnitude, although the slow convergence
rate for the uncorrected calculations renders them impractical
and stresses the importance of using our proposed correc-
tions.

In summary, we have carried out a systematic study of the
convergence of the formation energy of a representative
point defect in a thin SiNWs within DFT. For neutral defects
we have found that supercells must allow a longitudinal
separation between the impurity and its closest periodic rep-
lica of at least 24 Å, which is larger—and sometimes even
much larger—that the values chosen in the results published
so far. The vacuum separating the wire from its replicas
along the perpendicular directions, on the other hand, is not a
very critical parameter and the smallest value considered in
this study is sufficient to provide converged values of the
formation energy. Things change significantly with charged
impurities, where a vacuum buffer of 	50 Å and a 15-PC
supercell �59.1 Å� are required for satisfactory convergence.
Finally, our results stress the importance to correct for the
spurious interactions induced by the introduction of the com-
pensating background, although feasible alternatives to the
crude Madelung correction, already explored for bulk
systems,47,48 should be investigated.
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APPENDIX

The long range behavior of the electrostatic interaction
energy between two point charges inside a dielectric cylinder
is not completely clear. Lugo et al.49 provided expressions
based on the image charge method, but a closer analysis
seems to indicate that their expressions are valid for a dielec-
tric sphere, rather than a cylinder. Based on physical argu-
ments, Diarra et al.50 argued that, in a 1D system, screening
is completely inefficient at distances z large compared to the
cylinder radius R, and that the effective � is thus one. Bányai
et al.51 and Slachmuylders and co-workers52 provided ana-
lytical expressions for the interaction energy in the general
case, but these are in series form, and the asymptotic behav-
ior is not apparent.

In this appendix, we will carry out a derivation of the
large z /R behavior of the electrostatic interaction energy W
between two point charges separated a vertical distance z,
both of them at the center of a dielectric cylinder with radius
R, dielectric constant �1 and surrounding medium with �2.
We start with a rewriting of the general result given in inte-
gral form by52

W�z� =
e2

4��1�1

z
+

2

�
� �1

�2
− 1� 1

R

� �
0

�

dx cos�x
z

R
� K0�x�K1�x�

I0�x�K1�x� +
�1

�2
I1�x�K0�x�� ,

�A1�

where Ii�x� and Ki�x� are the modified Bessel functions of the
first and second kind, respectively.

The integral above can be approximated for large z /R
through the following procedure. We first write the cosine as
the real part of an imaginary exponent, and the real part can
be moved out of the integral since the modified Bessel func-
tions take positive real values into real values.53 Now,
graphical evaluation of the denominator shows that it pre-
sents no zeros in the first quadrant, allowing us to transform
the integral over the semipositive real axis to an integral over
the semipositive imaginary axis,

I�z/R� = �
0

�

dx cos�x
z

R
� K0�x�K1�x�

I0�x�K1�x� +
�1

�2
I1�x�K0�x�

= R��0

i�

dx eixz/R K0�x�K1�x�

I0�x�K1�x� +
�1

�2
I1�x�K0�x�� .

�A2�

We can now make the change of variable x= iu and, since
we are integrating over real u, transform the modified Bessel
functions of pure imaginary argument into Bessel functions
of the first, second and third kinds of pure real argument,53

2 20 40 60 80

z/R
0.8

0.9

1

1.1

1.2

1.3

1.4

f/W
(z

)

[e
2
/(4πε2z)] / W(z)

[Eq. (3)] / W(z)

FIG. 5. �Color online� Ratio of the asymptotic expressions
e2 / �4��2z� and �Eq. �3�� to the numerically evaluated exact result
W�z� �Eq. ��A1��, solid and dashed lines, respectively.
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I�z/R� = R��0

�

due−uz/R�

2

�
H0

�1��− u�H1
�1��− u�

J0�u�H1
�1��− u� +

�1

�2
J1�u�H0

�1��− u��
� −

�

2
�

0

�

due−uz/R
1 −
�1

�2
�� + ln�u/2��u2 ,

�A3�

where, in the last step, we have Taylor expanded the quotient
since, for large enough z /R, only a small u region close to
the origin will contribute to the integral, � is Euler’s constant
and we have kept only the real terms.

The integral is now readily evaluated, yielding the
asymptotic behavior for the interaction energy �see Eq. �3��,
which, when keeping only the slowest decaying term, goes
like e2 / �4��2z�, showing that the presence of the dielectric
cylinder is not felt at large z /R.

The goodness of Eq. �3� is shown in Fig. 5, where the
ratio of Eq. �3� to a numerical evaluation of the exact Eq.
�A1� is represented. The value used for the cylinder dielectric
constant is as found from the first principles calculations,
�1=7.75 �cf. Fig. 2�, while the outer medium is chosen to be
vacuum, with �2=1. It is clearly seen that the third order
expression Eq. �3� provides a good approximation for z /R
	11, while the first order expression e2 / �4��2z� is only
good for larger z /R. Note that, if we rewrite Eq. �A1� as
e2 / �4���z�z�, the solid line in Fig. 5 provides the effective
epsilon ��z� seen by the point charge due to the image
charges.
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